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This paper describes a fully decentralized nonlinear control law for spinning tethered formation ﬂight, based on
exploiting geometric symmetries to reduce the original nonlinear dynamics into simpler stable dynamics. Motivated
by oscillation synchronization inbiological systems,weuse contraction theory to prove that a control law stabilizing a
single-tethered spacecraft can also stabilize arbitrary large circular arrays of spacecraft, as well as the three inline
conﬁguration. The convergence result is global and exponential. Numerical simulations and experimental results
using the SPHERES testbed validate the exponential stability of the tethered formation arrays by implementing a
tracking control law derived from the reduced dynamics.
I. Introduction
S PACECRAFT formation ﬂight is becoming a key research area,where distributed computation and decentralized control
schemes, as well as information ﬂows between elements, are
explored.One such example includes stellar interferometers inwhich
multiple apertures in controlled formation collect light for coherent
interferometric beam combination, thereby achieving a ﬁne angular
resolution comparable to a large monolithic aperture telescope [1].
The possible architectures of spaceborne interferometers include a
structurally connected interferometer (SCI), which allows for very
limited baseline changes, and a separated spacecraft interferometer
(SSI) [2] where the usage of propellant can be prohibitively
expensive. A tethered formation ﬂight interferometer represents a
balance between SCI and SSI. Such a system is currently being
considered for NASA’s Submillimeter Probe of the Evolution of
Cosmic Structure (SPECS) mission [3,4]. The dynamics of SSI are
coupled by the deﬁnition of relative attitude whereas tethered
formation spacecraft exhibit inherently coupled nonlinear dynamics.
In spite of the popularity of these modular architectures, it is rare to
ﬁnd work on modular stability analysis for such coupled dynamics
systems.
This paper describes a decentralized nonlinear control law for
spinning tethered formation ﬂight, based on exploiting geometric
symmetries to reduce the original nonlinear dynamics into simpler
stable dynamics. In dealing with such coupled dynamics, an attempt
is made to learn from distributed computation in biological systems.
Figure 1 shows a picture of a human running by synchronizing
oscillations of his leg joints; a three-spacecraft tethered formation
can also be viewed as a multiple-joint system. Networked arrays of
coupled dynamics abound in biological systems. For example,
motion control architecture in vertebrates involves combinations of
simple motor primitives [5–7], and synchronous ﬁreﬂies [8] and
animal gaits [5,9] might shed some light on the stability of coupled
arrays. Some recent works on multiagent robots [10], aircraft
formation [11,12], and robotics [13] also deal with coupled
oscillations. In control theory, Popov’s passivity [14] was originally
motivated by similar concerns. However, combinations and
accumulations of stable elements do not necessarily result in stable
dynamics [15]. This paper uses contraction theory [15–18] to analyze
the nonlinear stability of a decentralized control of tethered
formation ﬂight. Contraction theory provides a systematic method to
build arbitrarily complex systems (a tethered formation array) out of
simpler elements (a single-tethered spacecraft). Combinations
validated by contraction theory, such as hierarchical combinations
and synchronized coupled oscillations, are explored to simplify the
nonlinear dynamics of multiple tethered spacecraft.
One beneﬁt of a control law based upon such reduced dynamics is
that we can implement simple decentralized [12,19] control and
estimation algorithms for tethered formation ﬂight systems. The
decentralized controller will enable a simple independent control of
each satellite without the need for exchanging information about
individual states. This will signiﬁcantly simplify both the control
algorithm and hardware implementation as well as eliminating
communication delays from such a large separation (e.g., 1 km for
SPECS). Dynamics modeling in this paper facilitates a relative and
decentralized sensing mechanism for deep space formation ﬂight. In
deep space, absolute attitude might be available via star-trackers but
the availability of absolute positions like those provided by global
positioning system (GPS) is very limited [20].
There are numerous technical papers on the dynamics of tether in
space [21–23]. Some recent papers discuss the elasticity and
vibration of the tethers [23,24]. Compared to the early literature
focused on the two-body dynamics for tether retrieval and
momentum exchange purposes, recent research efforts investigate
the dynamics of a three-body inline conﬁguration [25,26] and a
triangular conﬁguration [27–30]. This paper introduces reduction of
the original dynamics by oscillation synchronization, as observed in
the Huygens’ clocks [8,31]. The pendulum clocks in Fig. 1 swung
with exactly the same frequency and 180 deg out of phase, regardless
of the initial conditions. Similarly, we pay particular attention to
oscillations of the compound pendulum mode of tethered formation
ﬂight. Most of the previous work does not include this mode, by
assuming that the spacecraft can be regarded as a point mass with a
longer tether. However, it is indispensable to examine this mode
because of the instability occurring while retracting the tether for
spinning arrays, as shown in Sec. II. Nonlinear model reduction
theory of controlled Lagrangian andHamiltonian is an area of intense
research, especially in the sense of geometric control theory [32,33].
Spatial reduction of linear systems with input–output symmetry can
be traced back to the use of circulant matrix [34]. Our approach to
nonlinear model reduction is unique in the sense that we use
oscillation synchronization to simplify the coupled dynamics into the
simplest form whose combined stability can be analyzed
systematically.
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The organization of this paper is as follows: Modeling of single
and double spacecraft systems is presented along with a brief
introduction of contraction theory in Sec. II. The stability of the
decentralized control law is proven in the local and global
convergence sense in Sec. III. The results are extended to multiple-
spacecraft arrays in Sec. IV. Simulation and experimental results are
detailed in Sec. V.
II. Dynamics Modeling and Contraction Theory
A. Single-Tethered System
The equations of motion of a single-tethered system in Fig. 2 are
presented here. The tether is assumed to be ideal, i.e., massless and
inextensible; therefore, neither longitudinal nor transverse vibrations
of tether are allowed. The zero mass assumption can be realized by
rather strong thin material like Kevlar [21] to avoid a detrimental
phenomenon such as the coupling between in-plane and out-plane
oscillations of the massive tether and the spacecraft attitude [35].
Additionally, the array is assumed to always rotate at a certain
angular rate so the tether is taut and straight at all times. A nonzero
angular rotation [29] is a realistic assumption because tethered
interferometers will attempt to ﬁll a full u–v coverage [1] by rotation.
For simplicity, the speed of the tether motor can be easily predeﬁned
in the control code and does not constitute the system states. This
tether velocity control has been successfully validated with the
SPHERES testbed, as shown in Sec. V.
The equations of motion can be derived by exploiting Lagrange’s
equations.
Lq; _q  Kq; _q  Vq  1
2
_qTMq _q  Vq
d
dt
@L
@ _qi
 @L
@qi
 i
The gravity term,Vq is omitted on the assumption that a tethered
formation array such as SPECS will operate in a very weak gravity
ﬁeld: e.g., the second Lagrangian point L2 of the Earth–sun system.
The operation of tethered formation arrays in any kind of Earth orbit
is not plausible due to expensive fuel consumption and
unsatisfactory photon yield [27]. Control-wise, any additional
unmodeled gravity is regarded as a low-frequency disturbance to the
system. In addition, out-of-plane motions are eliminated because
they can be simply decoupled from the in-plane dynamics, and hence
controllable by out-of-plane thruster ﬁrings [28]. Then, the
governing equations ofmotion on the array rotational plane (aperture
pupil plane) become
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
 
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 
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Ir mr‘ cos Ir
 
C1; _; _  c11;
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In the preceding equations, r, ‘, and IG denote the satellite’s radius,
tether length, andmoment of inertia. Ir is themoment of inertia about
the tether attachment point (Ir  IG mr2).F is the linear force due
to thruster ﬁring, and u is the torque exerted on the center of mass
(CM) of the satellite, e.g., torque by a reaction wheel assembly
(RWA).
Note that the particular deﬁnition of theC1matrix [14] implies that
( _M1  2C1) is skew-symmetric.
This system has a rigid body mode of  and unforced
natural frequency of compound pendulum mode of
! 

rIrm‘2r‘
‘IG
q
! rad=s when it is linearized about a nominal
_ ! and _,  0. It can be shown that the system goes unstable
when the tether motor reels in by checking the eigenvalues of the
linear time-invariant (LTI) system [36]:
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In other words, a positive reel-out speed ( _‘ > 0) resulted in
damping of both _ and pendulum motion of , whereas we will see
unstable motions of states for a negative reel-in speed ( _‘ < 0). It is
also easy to verify that the system with a nonzero ! is fully
controllable by F and u using Eq. (2) [36].
B. Reduction of Two-Spacecraft Dynamics
The dynamics of two-tethered satellites shown on the plane of
rotation in Fig. 3 are derived using Lagrangian equations. As shown
in theﬁgure, the absolute position of the origin of theX–Y axesmight
Fig. 1 Synchronization of motions: human locomotion (left), three-tethered spacecraft (middle), and Huygens’s pendulum clock [31] (right).
Fig. 2 Free-body diagram of a revolving tether problem.
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translate on the 2-D plane, but wewill focus on the relative dynamics. Note that the origin coincides with the CMof the arraywhen angles are in
synchrony (in phase), as seen in Fig. 3, and the CM of the array is controlled by a separate controller. The positive direction of both  angles is
deﬁned as clockwise. The assumption of all identical spacecraft in size, mass, and inertia property allows us to develop the following equations of
motions:
M 21; 2

1
2
0@ 1A C21; 2; _; _1; _2 __1
_2
0@ 1A 2mr cos1  r cos2  2‘ _ _‘2mr cos1 _ _‘
2mr cos2 _ _‘
0@ 1A ;1  ;2;1
;2
0@ 1A (3)
where
M 2 
2Ir  2m‘2  2mr‘ cos 1  2mr‘ cos2 Ir mr‘ cos1 Ir mr‘ cos2
Ir mr‘ cos 1 Ir 0
Ir mr‘ cos 2 0 Ir
" #
C21; 2; _; _1; _2 
c111; _1  c112; _2 c121; _; _1 c122; _; _2
c211; _ c22 0
c212; _ 0 c22
24 35
where ;k, ;k, and cij are given in Eq. (1). Ir is again deﬁned as Ir  IG mr2.
The tether length is now 2‘ and _‘ is half the speed of the tether. The array angular rate _ is assumed to be the same for both satellites. This is
especially true when the tether is in tension. Furthermore, the mass and inertia properties are assumed to be roughly the same. These geometric
symmetry properties are pervasive in stellar interferometers where subtelescopes must be identical for interferometric beam combining. This
Lagrangian system is also kinetic symmetric with respect to  because @K=@ 0. In fact, the kinetic symmetry leads to the symmetry in
mechanics [32] in the absence of a potential ﬁeld, i.e., @L=@ 0, which in turn corresponds to the conservation of the momentum
(@L=@ _ constant) for an unforced system. Note that both the single- and two-spacecraft systems are symmetric in mechanics with respect to ,
thereby resulting an inertia matrix independent of . This independent variable is often called external variable [37].
It can be inferred by inspectingEq. (3) that theﬁrst row of the equation is the only coupled termof1 and2, which is the sumof theﬁrst rows of
two independent single-tethered systems of the form in Eq. (1):
M 11

1
 
 C11; _; _1
_
_1
 
 2mr cos1  ‘ _ _‘
2mr cos1 _ _‘
 
 ;1
;1
 
 1 (4)
M 12

2
 
 C12; _; _2
_
_2
 
 2mr cos2  ‘ _ _‘
2mr cos2 _ _‘
 
 ;2
;2
 
 2 (5)
whereM1, C1; _; _ are given in Eq. (1).
It is easily veriﬁed that Eq. (3) reduces to Eqs. (4) and (5) if 1 and 2 can somehow be driven to oscillate in synchrony. In other words, we can
decouple the dynamics of the ﬁrst satellite from the other resulting in the same equation as Eq. (1) if the controller u1 and u2 make 1 and 2
converge towards each other exponentially fast. This important ﬁnding leads to the following theorem.
Deﬁnition 1: Decentralized Control Law. Assume that for a two-spacecraft tethered system, some control function u is decentralized, in the
sense that it does not require state information from the other satellite [12], and that
1  u1; _; _1 and 2  u2; _; _2
where u is the same control function. Assume further that the strictly stabilizing control laws, 1 and 2, designed based on the single-tethered
systems in Eqs. (4) and (5) respectively, also strictly stabilize the combined system in Eq. (3). Then a decentralized control law, 1  ui; _; _i,
i 1, 2 can be designed from a single-tethered system given in Eqs. (4) and (5) in lieu of the two-body dynamics in Eq. (3). In addition, this
control law u makes 1 and 2 converge to each other.
This decentralized control law will signiﬁcantly simplify both the control algorithm and satellite hardware with few complications in terms of
dimensionality and no communication burden. Basically, the ﬁxed center of the rotation for a single-tethered system will be replaced with the
center of the tether of the two satellites (see Fig. 3). Subsequent sections demonstrate the existence of such controller as in Deﬁnition 1 in two
ways: locally by linear diagonalizing transformation (Sec. III.A) and globally by contraction theory (Sec. III.B).
C. Review of Contraction Theory
Lyapunov’s linearizationmethod indicates that the local stability of the nonlinear system can be analyzed using its differential approximation.
What is new in contraction theory is that a differential stability analysis can bemade exact, thereby yielding global results on the nonlinear system.
A brief review of the results from [15–18] is presented in this section. Readers are referred to these references for detailed descriptions and proofs
on the following theorems.
A nonlinear system, possibly a time varying nonautonomous system is formulated as
_x f x; ux; t; t (6)
A virtual displacement, x, is deﬁned as an inﬁnitesimal displacement at ﬁxed time, which is commonly found in the calculus of variations.
Theorem 1: For the system in Eq. (6), if there exists a uniformly positive deﬁnite metric,
M x; t x; tTx; t (7)
where is some smooth coordinate transformation of the virtual displacement, zx, such that the associated generalized Jacobian, J, is
uniformly negative deﬁnite, i.e., 9 > 0 such that
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J 

_x; t x; t @f
@x

x; t1  I (8)
then all system trajectories converge globally to a single trajectory
exponentially fast regardless of the initial conditions, with a global
exponential convergence rate of the largest eigenvalues of the
symmetric part ofJ. Such system is said to be contracting. The proof
is given in [16]. Equivalently, the system is contracting if 9 > 0
such that
_M

@f
@x

T
MM @f
@x
 2M (9)
It can also be shown that for a contracting autonomous system, of the
form _x f x; ux, all trajectories converges to an equilibrium
point exponentially fast. In essence, contraction analysis implies that
stability of nonlinear systems can be analyzed more simply by
checking the negative deﬁniteness of a proper matrix, rather than
ﬁnding some implicit motion integral as in Lyapunov theory. Note
that contraction theory is a generalization of the classical
Krasovskii’s theorem [14].
The following theorems are used to derive stability of the coupled
dynamics systems.
Theorem 2: Hierarchical Combination [15,17]. Consider two
contracting systems, of possibly different dimensions and metrics,
and connect them in series, leading to a smooth virtual dynamics of
the form
d
dt
z1
z2
 
 J11 0
J21 J22
 
z1
z2
 
Then the combined system is contracting if J21 is bounded.
Theorem 3: Synchronization and Partial Contraction [17].
Consider two coupled systems. If the dynamics equations verify
_x 1  fx1; t  _x2  fx2; t
where the function fx; t is contracting in an input-independent
metric, then x1 and x2 will converge to each other exponentially,
regardless of the initial conditions.
III. Stability of Decentralized Control Law
A. Diagonalization of Linearized System
The two-spacecraft Eq. (3) with the tether length ﬁxed ( _‘ 0) can
also be linearized about _ !, and _,  0 with F1  0, F2  0
(torque actuation only):
2Ir  2m‘2r ‘ Ir mr‘ Ir mr‘
Ir mr‘ Ir 0
Ir mr‘ 0 Ir
24 35 1
2
0@ 1A

0 0 0
0 mr‘!2 0
0 0 mr‘!2
24 35 1
2
0@ 1A u1  u2u1
u2
0@ 1A (10)
It is observed that the nonzero rotational rate, !, added a potential
term to the dynamics even though there is no gravitational force in the
model. This nonzero artiﬁcial potential energy induced by the
centrifugal force of array rotation, plays a crucial role in making the
system controllable and stable [36]. This is especially true for large
classes of underactuated systems (e.g., tethered systemswithF 0),
which are neither controllable in the absence of potential energy nor
fully feedback linearizable[37].
The natural frequencies of this LTI system are computed as
!  0,! 

rIrm‘2r‘
‘IG
q
!, and!o 
mr‘=Irp !. Note that!
is the same compound pendulum mode frequency as in the single
spacecraft case, and! represents the same rigid bodymode of  and
_ as in the single-tethered system, whereas !o is the natural
frequency of the antisynchronization (out-of-phase) mode depicted
in Fig. 3. It can be shown that !o is always smaller than !.
We can diagonalize the system in Eq. (10) using normalized
eigenvectors [36]. Then,with a linear decentralized control lawof the
form
ui K1i  K2 _  K3 _i i 1; 2 (11)
Eq. (10) can be diagonalized as
z 1  s1 _z1  s2 _z2  p1z2 z2  !2z2  s3 _z1  s4 _z2  p2z2
z3 
K3
Ir
_z3 

!2o 
K1
Ir

z3  0
(12)
where s1 K2=Ir m‘2r ‘, s2  fIGK2  K3 mr
‘rK2  K3r ‘g=f

IG‘
2m
p
Ir m‘2r ‘g, s3  m‘r
‘=

IG‘
2m
p
s1, s4  r ‘
m=IGp s2, p1 K1= IG‘2mp , and
p2 K1r ‘=IG‘
By inspecting the eigenvectors given in [36], it is clear that z1
represents , and z2 is the dynamics of the synchronized compound
pendulum mode (1  2) in Fig. 3 with the same natural frequency
! as in the single-tethered case. The additional mode is the
compound pendulum mode of antisynchrony, which is
z3 / 1  2.
Likewise, diagonalizing the linearized single spacecraft system in
Eq. (1) yields the same normalized equations ofmotions for z1 and z2
in Eq. (12). Thus, the stabilizing controller ui from the single-
tethered system will stabilize  and the synchronized compound
pendulum mode z2. Now satisfying Deﬁnition 1 comes down to
ﬁnding conditions in which the antisynchronized mode z3 is
stabilized.
The global stability condition of K1 and K3 for the linear z3
dynamics in Eq. (12) can be found as K3 > 0 and !
2
o  K1=Ir > 0.
Similarly, it can be shown that any controller satisfying
rK2 < r ‘K3, K1 > 0, K2 > 0 can stabilize z1 and z2. Note that
K3 > 0 and !
2
o  K1=Ir > 0 are automatically satisﬁed by this
condition, thereby stabilizing the coupled two-body system in
Eq. (10). This proves the existence of such controller as in
Deﬁnition 1.
Theorem 4: Effect of Nonzero Speed of the Tether ( _‘ ≠ 0).When
the tether motors reel-in or out, _‘ is a nonzero term. It can be shown
Fig. 3 Free-body diagram of tethered two satellites. Synchronized  (left), anti-synchronized (right).
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that _‘ does not affect the antisynchronizing mode z3; therefore, a
controller stabilizing a single-tethered system with a constant _‘ ≠ 0
can be used to stabilize a two-spacecraft system.
B. Nonlinear Model Reduction by Contraction Theory
The stability of the antisynchronizing compound pendulummode
z3 in Eq. (12) can be veriﬁed more easily using contraction theory,
speciﬁcally Theorems 2 and 3 . From the second and third row of
Eq. (10),
Ir mr‘  Ir 1 mr‘!21 K11  K3 _1  K2 _
Ir mr‘  Ir 2 mr‘!22 K12  K3 _2  K2 _
(13)
Subtracting the ﬁrst line from the second in Eq. (13) results in
Ir 1 mr‘!21  K11  K3 _1  Ir 2 mr‘!22  K12
 K3 _2
According to Theorem 3, if the z3 dynamics in Eq. (12) are
exponentially stable, then 1 converges to 2 exponentially fast.
Then, the stability of the original system depends on the stability of
the reduced single-tethered system. Furthermore, Ir mr‘  can
be regarded as an auxiliary input to the partially contracting
dynamics of z3. Therefore, a stable closed-loop single-tethered
dynamics stabilizes the z3 dynamics.
The previous analysis is limited to the linear proportional and
derivative (PD) controller given in Eq. (11). This is a local stability
result based on the linearized dynamics. On the other hand,
contraction theory exploits a differential analysis to derive a global
stability result for the nonlinear dynamics. In addition, the simple PD
control cannot be expected to handle the dynamic demands of
trajectory tracking efﬁciently [14]. Thus, an exponentially stable
nonlinear controller is proposed, and contraction analysis is used to
check whether the combination of exponentially stable single-
tethered systems leads to exponential stability.
Consider a single-tethered system in Eq. (4) with the tether length
ﬁxed ( _‘ 0),
M 1q1 q1  C1q1; _q1 _q1  1 (14)
whereM1,C1, and 1 are given in Eq. (1). In addition, q1 is deﬁned as
 1
 
T
The following tracking controller is proposed in [38]:
1 M1q1 q1r  C1q1; _q1 _q1r  K _q1  _q1r (15)
The reference velocity vector _q1r is given by shifting the desired
velocity _q1d with the position error:
_q 1r  _q1d eq1  _q1d q1  q1d (16)
where  is a symmetric positive deﬁnite matrix.
From Eqs. (14) and (15), consider the following virtual system,
M 1q1 _y C1q1; _q1y  K _q1  y  1 (17)
_q1 and _q1r are two particular solutions of this virtual dynamics, which
is obvious by substituting for y.
For system (17), we select the inertia matrixM1q1 as a metric in
Eq. (7), which is uniformly positive deﬁnite. Then, the squared
length of the corresponding z can be written zTz
yTM1q1y, and its derivative can be computed directly from (17),
d
dt
yTM1q1y  2yTM1q1 _y yT _M1q1y
2yT C1q1; _q1yKy  yT _M1q1y2yTKy
where we used the skew-symmetric property, yT _M1  2C1y 0.
The virtual systemof y is shown to be contractingwith a uniformly
positive deﬁniteKwith respect to  and1 using contraction analysis
in Sec. II. Then, the two particular solutions, q1 and _q1r converge to
each other exponentially fast using Theorem 3.
Equation (16) implies that q1 ! q1d exponentially fast according
to the hierarchical combination of contracting systems (Theorem 2)
_~q 1   _q1  _q1r  ~q1 (18)
One choice of K is
K  k11 k12
k12 k22
 
where k11 > 0 and k22 
k212
k11
> 0 (19)
Similarly, we can construct an exponentially stabilizing tracking
controller for the second spacecraft with
q 2   2
 
T
2 M1q2 q2r  C1q2; _q2 _q2r  K _q2  _q2r (20)
This controller can be shown to exponentially stabilize the second
spacecraft dynamics in Eq. (5) with the same K as in Eq. (19).
Let us now check whether these controllers from the single-
tethered systems can exponentially stabilize the two-spacecraft
tethered system in Eq. (3).
For the ﬁrst spacecraft given in Eq. (14), we augment the states, ,
 with an auxiliary coordinate 2 such that
M 1q q C1q; _q _q a (21)
a M1q qr  C1q; _q _qr  KD1 _q  _qr (22)
where
M1 
m11 m12 0
m12 m22 0
0 0 0
24 35
1
C1 
c11; _ c12; _; _ 0
c21; _ c22 0
0 0 0
24 35
 1
_ _1
 
a 
;1
;1
0
0@ 1A; KD1  k11 k12 0k12 k22 0
0 0 0
24 35; and q 1
2
0@ 1A
Equation (21) is the equation ofmotion of  and1;2 is added just as
a dummy variable to facilitate the proof in this section.
Similarly, we can augment the dynamics equations of the second
spacecraft as
M 2 q q C2q; _q _q b (23)
b M2 q qr  C2q; _q _qr  KD2 _q  _qr (24)
where
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M2 
m11 0 m12
0 0 0
m12 0 m22
24 35
2
C2 
c11; _ 0 c12; _; _
0 0 0
c21; _ 0 c22
24 35
 2
_ _2
  b  ;20
;2
0@ 1A
KD2 
k11 0 k12
0 0 0
k12 0 k22
24 35
Because  in Eq. (3) is the sum of two tracking control laws individually designed from the single-tethered systems,   a  b in Eq. (22) and
(24), the virtual dynamics of the two-spacecraft system becomes
M 2q _y C2q; _qy  KD1  KD2 _q  y   (25)
which still has two particular solutions, _q and _qr. The symmetry property discussed in Sec. II.B enforcesM2 M1 M2 andC2  C1  C2 .
The same squared-length analysis as earlier, now with respect to the uniformly positive deﬁnite metricM2q, results in
d
dt
yTM2qy  2yTKD1 KD2y
This system is contracting, because KD1 KD2 
2k11 k12 k12
k12 k22 0
k12 0 k22
24 35 is uniformly positive deﬁnite. This proves the existence of such
controller as deﬁned in Deﬁnition 1 for exponentially stabilizing nonlinear controllers. The global convergence of contraction analysis
strengthens the local convergence result of the linear approximation of the preceding section.
The result in this section can be easily extended to construction of nonlinear robust sliding controllers [14] to account for tether slack dynamics
andmodeling uncertainties, including lack of modeling of external disturbances. In particular, slackness of the tether affects the inertia matrixM
and speciﬁcally theCmatrix, removing the coupling terms because the energy transfer along the tether line is instantaneously disrupted. It can be
shown that a sliding controller designed from the single-tethered system will exponentially stabilize the combined system using the preceding
analysis and the triangle inequality.
IV. Multiple Tether Arrays
Let us now discuss some further extensions.
A. Spinning Triangular Array and Multiple Circular Array
Motivated by successful decoupling for the two-spacecraft case, three imaginary pseudotethers [28] connecting each satellite to the CM of the
array are assumed to exist, replacing the three actual tether lines (see Fig. 4). When the tethers are taut and straight in a rotating array, a small 
(angle of the compound pendulum mode) is approximated as a perturbed angle that the satellites make with respect to the corresponding
pseudotether. Here, ‘ is deﬁned as the length of the pseudotether; the actual tether length is then L 3p ‘ r  2r. The original 6 degrees of
freedom ( and  for each satellite) are reduced to four with addition of two constraints, L

xia  xja2  yia  yja2
q
with i; j 
1; 3; 1; 2 where xia  ‘ cos i  2r sin15 deg cosi  75 degi and xja  ‘ cos j  2r sin15 deg cosi  75 degj are x
coordinates of tether attachment points, and yia and yja are similarly deﬁned. The equations of motions of a three-spacecraft triangular array
approximated by the pseudotethers are given in the following equation by setting n 3:
Mnq

1
2
..
.
n
0BBBB@
1CCCCA Cn
_
_1
_2
..
.
_n
0BBBB@
1CCCCA
2m
P
n
k1 r cosk  ‘

_ _‘
2mr cos1 _ _‘
2mr cos2 _ _‘
..
.
2mr cosn _ _‘
0BBBBBBB@
1CCCCCCCA
P
n
k1 ;k
;1
;2
..
.
;n
0BBBBB@
1CCCCCA (26)
where
Mn 
P
n
k1m11k m121 m122 . . . m12n
m121 m22 0 . . . 0
m122 0 m22 . . . 0
..
.
0 0 . .
.
0
m12n 0 0 0 m22
2666664
3777775
Cn 
P
n
k1 c11k; _k c121; _; _1 c122; _; _2 . . . c12n; _; _n
c211; _ c22 0 . . . 0
c211; _ 0 c22 . . . 0
..
.
0 0 . .
.
0
c21n; _ 0 0 0 c22
2666664
3777775
It is straightforward to show that a stabilizing controller for a single-tethered spacecraft will stabilize a three-spacecraft triangular array using the
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same methods as described in Sec. III. When linearized, the system
has four eigenvalues, two of which are antisynchrony mode.
Eigenvalues for the triangular array (n 3) are 0,
! 

rIrm‘2r‘
‘IG
q
!,
mr‘=Irp !, and mr‘=Irp !.
Equation (26) originally represents the dynamics of star arrays
with the radius ‘ as shown in the second row of Fig. 4. Hence, the
same controller designed from the single-tethered system will
stabilize a star network. This method can be extended to an arbitrary
number of circularly connected arrays if the dynamics equation can
be represented as the form in Eq. (26). This is automatically true for
n 3. However, we need more constraints for Eq. (26) to
approximate a circular array of n 	 4 because the lengths of the
pseudotethers (‘) can be different. For spinning tethered arrays,
thruster ﬁrings in the radial direction can control the diagonal
distances to keep the pseudotether length ‘ the same. In the absence
of such control, we can add more diagonal tethers, as seen in the
hexagonal array in Fig. 4. The number of additional tethers required
is 3n  n  2 (the number of degrees-of-freedom) minus
(n 1). In summary, under the reasonable assumption of the taut
and equal-length pseudotether, a controller designed from a single-
tethered systemwill synchronize both array spin rate and oscillations
of each spacecraft, thereby reducing the original dynamics to those of
a single-tethered spacecraft, as seen in Fig. 4. The result in this
section was predicted in [17], in the sense that for a star network with
an arbitrary number of satellites, the minimum coupling strength to
guarantee synchronization is independent of the number of satellites.
B. Three Inline Array
Similarly, the dynamics of the three-spacecraft inline conﬁgura-
tion in Fig. 5 can be decoupled into two independent dynamics of the
single-tethered system with the tether length ‘ and rotational
dynamics of the center spacecraft. The equations of motions of the
inline array dynamics are developed using Lagrange’s equation,
M11 M12 M13 M14 M15
M12
M13
M11 0 00 0
M14
M15
0 0
0 0
M12
26664
37775
 
1
1
2
2
0BBBB@
1CCCCA

0 C12 C13 C14 C15
C21
C31
C11; _1; _1 0 00 0
C41
C51
0 0
0 0
C12; _2; _2
26664
37775
_ 
_1
_1
_2
_2
0BBBB@
1CCCCA
u0
;1
;1
;2
;2
0BBBB@
1CCCCA
(27)
where 2 
 2 matrices, M1 and C1; ; _, are from the single-
Fig. 4 Reduction of circular and star tethered arrays into multiple single-tethered systems.
Fig. 5 Three-spacecraft array decoupled into three individual dynamics.
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tethered dynamics in Fig. 2 and Eq. (1). In addition,
M11  IG  2mr2
M12 mr‘ cos1    mr2 cos1  1   
M13 mr2 cos1  1   
M14 mr‘ cos2    mr2 cos2  2   
M15 mr2 cos2  2   
C12 mr‘ sin1    _1 mr2 sin1  1    _1  _1
C13 mr2 sin1  1    _1  _1
C14 mr‘ sin2    _2 mr2 sin2  2    _2  _2
C15 mr2 sin2  2    _2  _2
C21 mr‘ sin1    _ mr2 sin1  1    _ 
C31 mr2 sin1  1    _ 
C41 mr‘ sin2    _ mr2 sin2  2    _ 
C51 mr2 sin2  2    _ 
Note that these equations are simpler than those with a different
coordinate deﬁnition of , e.g.,  deﬁned with respect to the rotating
frame of the center spacecraft (!   ). Moreover, this
deﬁnition of coordinates enables decoupling of the dynamics of the
outlying spacecraft from the center spacecraft, as seen in the ﬁgure.
The dynamics of the spacecraft at the tips of the array are
M12
M13
 
  C21
C31
 
_ M11
1
1
 
 C11; _1; _1
_1
_1
 
 ;1
;1
 
M14
M15
 
  C41
C51
 
_ M12
2
2
 
 C12; _2; _2
_2
_2
 
 ;2
;2
 
(28)
This is a hierarchical combination, as introduced in Theorem 2,
because the dynamics reduce to those of the single-tethered system
when the dynamics of  vanish. It is easy to implement an
exponentially stabilizing controller for  , in particular with
measurement of tether tensions [36]. So, as long as  ! 0,   i,
and i ! 0 (or  , _ ! 0), the same controller stabilizing the single-
tethered system in the previous sections will also stabilize the
combined system. Equation (28) then veriﬁes the following:
M11
1
1
 !
 C11; _1; _1
_1
_1
 !
 1 M12
2
2
 !
 C12; _2; _2
_2
_2
 !
 2 (29)
According to the synchronization theorem (Theorem 3), 1 and 1
exponentially converge to 2 and 2, respectively, as long as the
decentralized controllers 1 and 2 make each single-tethered system
contracting. In other words, contraction analysis shows that
implementing a control law based upon the single-tethered dynamics
ensures the stability of the rotational rate and the relative motions in
an inline three-spacecraft array.
V. Simulation and Experimental Results
A. SPHERES Testbed
The SPHERES testbed [36,39] was developed as part of the
ongoing research initiatives of the MIT Space Systems Laboratory
(MIT-SSL) that uses the space environment provided by the space
shuttle and International Space Station (ISS) to validate dynamics
and control algorithms of distributed spacecraft control, estimation,
and autonomy algorithms. The operational environments also
include the two-dimensional ﬂat ﬂoor facilities at MIT and the
NASA Marshall Space Flight Center.
The individual self-contained satellites (Fig. 6) have the ability to
maneuver in up to 6 degrees of freedom, to communicate with each
other andwith the laptop control station, and to identify their position
with respect to each other and to the experiment reference frame. The
diameter of a single SPHERES is 0.25 m, and the mass is 4.18 kg.
The satellites are propelled by a cold-gas thruster system which uses
carbon dioxide as propellant. The CO2 propellant is stored in liquid
form at 860 psig; a regulator reduces the pressure to 35 psig. Twelve
thrusters are positioned to provide controllability in all 6 degrees of
freedom, enabling both torque and translation control. Each thruster
assembly, exerting a maximum of 0.12 N of force, consists of a
solenoid-actuated micro-valve with machined nozzles. Figure 6b
Fig. 6 SPHERES tether experimental setup.
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Fig. 7 Simulation results for the inline three conﬁguration.
Fig. 8 Nonlinear controller with varying tether length in a two-body array, ﬁrst SPHERES.
Fig. 9 Nonlinear controller with varying tether length in a two-body array, second SPHERES.
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exhibits a SPHERES satellite mounted on a new air carriage with a
reaction wheel embedded in its base. This RWA is speciﬁcally
designed to provide sufﬁcient torque for the tethered SPHERES
arrays.
The SPHERES metrology system using the ultrasound ranging
system and gyroscope provides metrology information to the
satellites in real-time. Because no global metrology system like GPS
is actually available in deep space missions, the tethered SPHERES
system uses a relative metrology system using four ultrasound
receivers (24 in total) on the line-of-sight face and the onboard
beacon of the adjacent SPHERES (see Fig. 6). The relative
metrology system is a pseudo-GPS ranging system that uses
ultrasonic time-of-ﬂight measurements from the target onboard
beacon to the ultrasonic microphones distributed on the surface of
each satellite. These time-of-ﬂight measurements are converted to
ranges and are then used to derive relative attitude () with respect to
the reference frame using a series of extended Kalman ﬁlters (EKF)
[40]. An additional Kalman ﬁlter incorporating the gyroscope
measurement estimates all the states needed  _; _;  for each
satellite. The new version of the relative metrology system
incorporates bearing angle measurements from the tether force-
torque sensors. Each estimation algorithm is decentralized in the
sense it uses the single-tethered dynamics in Eq. (1). Texas
Instruments C6701 Digital Signal Processor provides the computa-
tional power. A FLASH memory size of 224 KB allows software
reconﬁguration of the full operating system, ensuring that multiple
investigators are supported while the system is in the ISS. There is an
expansion port which provides power and data interfaces to the
auxiliary hardware. A tether deployment and retraction mechanism
with tether force-torque sensors has been added to support the
tethered formation mission [36].
B. Simulation Results for Three Inline Spacecraft
A controller introduced in Eq. (15) [M1q qr  C1q; _q _qr
K _q  _qr] is used to the spin up the two spacecraft at the tip of the
inline three-spacecraft array in Fig. 5 whereas a simple control low,
u0  K!  _  spins the center spacecraft. The desired spin rates,
_1d, _2d, _ d are ! 0:3 rad=s with the minimal compound
pendulum mode. The initial rotational rates  _10; _20; _ 0, are 0.2,
0.22, 0:2 rad=swith the zero compound pendulummodes,1, _1,2,
_2  0. The radius of SPHERES r is 0.125 m, the tether length ‘ is
1 m, the mass of SPHERESwith the air-bearing carriagem is 8.6 kg,
and the moment of inertia I is 0:074 kg m2. Figure 7 shows that a
controller from the single spacecraft dynamics successfully performs
to spin up the array to the desired rate.
C. Experimental Results for Two-Tethered System
A nonlinear control approach based on input-state feedback
linearization [14] is employed when the system is fully actuated (i.e.,
both thruster force F and torque u are available as control input).
This computed torque controller is given as the following:
1 M1q qd  2_~q 2 _~q  C1q; _q _q (30)
which is equal to the controller in Eq. (15) with KM1 and
_q! _qr. Likewise, the controller for the second spacecraft can be
similarly deﬁned.
If the target angular rate is ! and the objective of the control is to
spin up the interferometric array to ! while minimizing the
compound pendulum mode, the desired trajectory is deﬁned as
follows: _d  !  _01 et  _0, d  !  _0et,
d  0, _d  0, d  0. This will lead to an exponentially stable
closed-loop dynamics, ~q 2_~q2 _~q 0
Figures 8 and 9 show the experimental data with this nonlinear
controller collected from a two-body formation (see Fig. 6). The third
rowof theﬁgures represents the tether lengthmeasured directly using
the ultrasound ranging metrology system. It is observed that the
compound pendulum mode ; _ gets excited when the tether reels
in as predicted in Sec. II. Note that the effect of varying the tether
length, or the speed _‘was not considered in the nonlinearmodel. So a
better performance is achievable by taking into account the motor
speed _‘. More experiments with a new air-carriage system will be
conducted in the near future.
VI. Conclusions
We introduce a decentralized control technique by reducing the
original dynamics to simpler stable closed-loop dynamics exploiting
oscillation synchronization. Contraction theory proves that a
decentralized control law can be designed based on a single-tethered
system in lieu of the coupled dynamics of multiple spacecraft,
reducing the computation and communication burdens. Further-
more, the stability of the combined system is global and exponential.
The technique is extended to the three-spacecraft inline conﬁguration
and the triangular conﬁguration, both of which are being studied for
NASA’s SPECS mission. Results of numerical simulations and
experiments using the SPHERES testbed show the effectiveness of
the proposed control strategy. The video clips of the experiments in
this paper can be downloaded at http://ssl.mit.edu/spheres/videos.
html.
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